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Artefacts, Symbols and, Eqaatiorcs in the Classroomr

Ltus RADrow, Ecole des sciences de l'1ducation, [Jniversit€

Laurentienne,O ntario, C anada

ABSTRACT In this article we describe and analyse a teaching sequence whose

goal was to introduce students to the operation of the unknown and to the related

elementary algebraic techniques to solve linear equations. The design of the

activity and the analysis of the students' reasoning were conducted within a

semiotic-cultural theoretical framework. A disc.ourse analysis of the students'

interaction in the classroom suggests that the overcoming of the well-known

dfficulties that novice students usually encounter in operating on the unknown,

as found in traditional approaches to algebra, was accomplished here through

the students' complex co-ordination of dffirent sign systems (gestures, natural
language, drawings, etc.) and their successful mastery and articulation of levels

of abstraction (going from rnanual industrious actions to intellecrual and sign-

based actions).

INTnooucrroN

The introduction to symbolic algebra in Junior High School is one of the teaching

points that really worries teachers. Indeed, experience shows, again and again,

that the leaming of algebra represents a key moment in the students' school life
and one in which many problems usuaily arise. If students manage to get a certain

sense of algebra, then they will probably be able to go further For many, however,

this is not the case.

One of the didactic problems in the teaching and iearning of algebra is related to

the students' understanding of algebraic symbolism and its meaning. A traditional
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Algebra as Tekhnd 33

The elaboration of mathematical activities to introduce algebra in school led us

to make explicit choices that are sustained by theoretical matters lying in the

crossroads of epistemological and pedagogical concems" And undemeath these

matters rests the long-standing venerable metaphysical question" "What is

algebra?" Is it a formal-game? Is it a set of abstract structures? Is it a language? Is

it a tool with which to investigate natural phenomena?

In dealing with this question, our attempt was not really to answer the metaphysical

question (whose formulation in the third person singular already reveals an

ontological choice) but rather to look for theoretical orientations that could

conveniently meet the curricular demands. There are two major topics in the

Ontario Curriculum of mathematics in the introduction to algebra' These are

equations and patterns. I shall deal here with equations on1y2. The question to be

discussed here is hence: how to introduce equations?

Although there is no royal road to algebra, we decided to introduce equations in

the context of problem-solving activities -a context in which algebra appears as a

tool. Aswith any choice, ithas its advantages and disadvantages' Before we discuss

the latter, let me specify what is meant here by algebra as a problem-solving tool"

Tno rnnonnncAl oRmNTATIoN

Algebra as a problem'solving tool

In our approach, the conceptualization of algebra as a problem-solving tool is to

be understood in the Aristotelian sense of tekhn7, that is, a reflective work on

certain objects in the coruse of which intellectual knowledge becomes dialectically

interwoven with the industrious actions on the objects3. More precisely, our

approach to algebra as a problem-solving tool means the development of an analytic

technique based on a conceptually complex kind of mathematical thinking relying

onthe calculationof known andnot-yet-knownnumbers ormagnitudes that acquire

a meaning as they are handled in the pursuit of the goal of the activity"

This choice, nevertheless, has to overcome two important dfficulties that ale

constantly mentioned in didactic discussions and that Duval (in press) analyses

in depth in a recent article:

(1) The first one relates to the "translation" of the statement of the problem

into algebraic sYmbolism.
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Algebra as TeHmd 35

the students have become acquainted with some essential algebraic concepts)'

Regardless of the target semiotic system (TSS) to be chosen, the word-problem,

as Duval notices, already contains a designation of the unknown quantities in the

source semiotic system (i.e. natural language). To convert a word-ploblem into

one or more semiotic expressions in the TSS therefore demands identifying and

re-designating theunknown quantities and the relations between known and un-

known quantities (one of these relations, although not the only, being the equality

relation). At this point, a central cognitive problem is the articulation of the semiotic

expressions in the TSS and the meaning with which these expressions have to be

endowed in the process of their transformation in the solution of the equations.

Since the meaning of the sigUs of the TSS, resulting from the ffanslation phase,

cannot be preserved throughout the successive transformations of semiotic ex-

pressions, the signs and these semiotic expressions have to acquire a new mean-

ing.

Along this line of thought, I want to suggest that, among the wide variety of

signs, from a didactic point of view, icons can be helpful transitional devices to

re-designate unknown quantities before a full formal treatment of symbols be-

comes possible for the students. True, icons have obvious limitations' For one

thing, ii is not possible to write a compendium of the syntax of icons. But, for our

pu4)oses, this may not be necessary, as it was not necessary for the Babylonian

scribes who wonderfully managed to solve, by iconic methods, second-degree

equations (see Radford 2001a; Radford & Gudrette 2000). Let us further elabo-

rate these ideas in the next section in light of supplementary semiotic consider-

ations and the idea of algebra as tekhnd.

Icortc ALGEBRATc rIrI\IKING

In the introductory activity to algebra that we elaborated, no letters were required'

We opted for an approach based on artefacts, that is, concrete objects out of which

the algebraic tekhnd and the conceptualization of its theoretical objects arose.

Two kinds of artefacts were considered: envelopes and cards' They were talien as

signs in a Vygotskian sense (see Radford 1998). The cards were icon-slgns re-

designing known quantities, while the envelopes were icon-signs re-designing

unknown quantities. This conceptualization of the unknown is, in fact, inspired

from the work of one of the more talented 14tr Century Italian algebraists, Antonio

de Mazzinghi, who, to explain what the cosa is (i.e" the thing ot the unknotvn)

used to say that the cosais "a hidden quantity" (see Radford & Grenier 1996)" A
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Algebra as Tbkhnd 37

Srrppn*c INTo ALGEBRA

In this section, we shall discuss some aspects of the frst two days in which two

classes of Grade 8 students were introduced to algebra. The goal of the fkst day

was to familiarize the students with the principles of the algebraic techniques

required to solve equations without using letters. The second day, the students

were asked to start using letters to write and solve equations'

The first day

The first day, the lesson was divided into three parts. ln the fust one, the teacher

discussed a word-problem and its solution with the class. This problem (as well

as those given to the students in the second part of the lesson) dealt with hockey

cards and envelopes. The teacher had envelopes and hockey cards and, according

to the information given in the statement of the problem, piaced them on the

blackboard. He divided the blackboard into two parts and referred to each part as

one of the sides of an equation. In the very beginning, to justify the actions on

artefacts to solve the problem, the teacher stretched out his arms and made a

quick reference to a two-plate scaie. His explanation, however, focused on the

comparison of the two sides of the equation. In the second part, the students were

prorid"d with a kit of envelopes and hockey cards and worked on a series of 6

problems according 16 a 56a]1-group structffe (the small-groups were usually

comprised of 3 students). Then, the teacher conducted a general discussion to

compare the students' solutions and enhance mathematical understanding' In what

follows, we shall present excerpts from one of the small-groups. The students

will be identified as Paul, Carole and Madeleine (their names have been changed

for deontological reasons). The spatial disposition of our group of students is

shown in Figure 1. They worked on two desks put together'

Carole

-@

+
Madeleine

Figure / . Students' spatial distribution
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Figure 2. Paul's desk

Carole: 2 and} ...(meaning 2 cards and 2 envelopes to represent

.Richardls situation)

Madeleine: After this, this one has 2 (she puts her hand over the spot

on P aul' s de sk where they are suppo s ed to dep ict Richard' s situation - )

tught?

Paal: (counts aloud And places 2 cards)2 ...(then, adlressing himsetf

to Carole, says) 2 envelopes, please. (Madeleine quickly takes 2

envelopes fTom among those on Carole's desk and places them beside

the 2 cards representing Richard's situation.) [...] (see Figure 3)

Paulette's
equational space

Figure 3. Students' indicate the equaiity of the iconic expressions

through a space between the equatioqal spaces.

So far, the students succeeded in the process of conversion between semiotic

systems. ln this case, and due to didactic choices concerning the congruence

between the respective statements, the iconic predicate in Figure 3 is almost a

mirror of the statement of the word-problefii. In itself, it may seem as an

unimportant step in the students' undergoing mathematical actions. Nevertheless,

as Lacan noticed, mi:roring marks the beginning of symbolic activity.

7 . Paul: Okay (acting v ery quickly, while M adeleine mov e s the c oncrete

material to separate even further the equational space between

Richard and P aulette that we have indicated by a doxed line in Figare

4.

5.

6.
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the concrete actions to remove objects over what the sfidents say. That is, glances

and gestures become the primordial regulatory principle of the activity. Speech

functions as a background regulatory principle (in fact, the students utter relatively

few word in lines t to 11. This amount increases dramatically in the next episodes)"

The second and ttrird problems were similar to the previous one. Their goal was

to familiarize the students with the algebraic problem-solving technique. They

did not find any difficulty in solving them. In problem 4, the students were asked

to explain the steps that have to be followed to solve an equation. The didactic

reason for including this problem is.related to our theoretical framework.and its

conceptualization of language as a means of objectification S.adford, 2000b). In
fact, we consider that there is an important ffierence between doing something

and saying how to do it. While doing something relies on a kind of social

understanding in which coordinated perception plays a fundamental role (the

sfudents may use deictic terms such as "this", "that", etc. to direct the others'

attention to something; they may also coordinate glances or point to something

with a finger), in saying how to do it we enter into a different conceptual realm.

Glances and gestures are no longer enough. The written words of language become

a new sensation organ, so to speak, that, in contrast to ephemeral pointing and

uttered words, endow objects with a permanent status.

Problem 4:

1. Carole: (reads the question) Explain in your own words the steps

that must be foliowed to solve an equation.

2. Madeleine: (reads the question) [...] Well, you have to take them

away equally. Like, when you take away 1 card, you have to take

away the other.'...

3. Caroie: Yes, but ... but, we have to say it at the beginning .. '

4. PauI: What you do on one side, you do on the other.

5. Carole: Yes. You always do to one side whatyou do to the other.

6. Madeleine: tlh huh. (she begins to write)

Caroie: If you take away 1, you take away 1. If you take away 2,

you take avtay 2 ... Then, what you ...

Madeleine: (saying what she writes) Do the same thing on both

sides.

7.

8.
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G eneral statement. Example. I ndicativ e statement. Hyp othetic al situation "

In problem 5, the students were asked to invent a word-problem having as the

answer: in one envelope there are three cards. Paul was in charge of writing.

Here is an excerpt of the students' dialogue:

1. Carole: Okay. Well, we could start like this . (She takes one envelope

and says) 1 envelope,3 cards are left. (She places I envelope and

3 cards infront of her. See Figure 5). Okay. So, there we can add

like ".. (adds 1 envelope on each side: See Figure 6)-

ntrtr

Fisure 5 Figure 6

Paul: (interrupting) 2 envelopes like this.

Carole: No, more. (She re-arcanges the obiects and adds I more

envelope on eac.h side: see Figure 7.Then she adds 3 cards on

one the sides of the emerging equation and says)'1..,2,3. (Then

places 3 cards on the other side of the equation containing the 3

initiat cards and says) 3 have to be Ieft over (see Figure 8)-

We'Ilput lots on both sides.

4. Madeleine: Yes, okay.

Figure 7

ilntr
E

E
E

2.

3.
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14. Madeleinb: Well, no, she gives, qm ...

15. Paul: (turns the sheet and shows a previous problem) Here, it
says, "She gives them envelopes containing Hockey cards."

16. Cmole: Okay. ... envelopes containing ...(Paul continueswrtfing
then examines the problem on the prettious page)

17. Madeleine: Okay. ForCarole... shegives... [.".] Yes. Carole
already had ... (examines the cards and envelopes in front of
Carole) t...1 9 [cards], then her mother gives her (shows the

envelopes in one paclage) 2 envelopes. (Carole takes the package,

and examines the problem.)

18. Paul: Yes, then she gave ...

19. Carole: No. Yes. Well, how many envelopes does my mother
give me?

20" Madeleine: 2.

21. Carole: 2 envelopes. So, you have to write, eh, (shows a place
on the sheet). Carole already had ... 9 cards and her mother
gave her 2 envelopes.

Madeleine: Yes. (Carole gives the stack of pages back to Paul.)

PauL Okay. (He begins to write)

Madeleine: Then, after this, eh, Madeleine aJready had 6 cards

and her mother gives her 3 envelopes. (Paul continues to write.)

Paul: Then, after fhis, (examines the previous page) we'Il write.
Madeleine already had 6 cards ... Wait a minute! Here Qtoints to
a place on the sheet) How many are there ...

26" Madeleine: ... cards h"u".h envelope. (PauI continues to write.)

27 . Carole: What about, now the two children have the same number?

28. Madeleine: You don't need to put that.

29. Carole: Yes. ... That's how they're going to find it out because

they have exactly fhe same thng (loolcs at Paul who is writing)
No! Paul, Paul! You have to write "Now, the 2 chiidren have the
same number" (Paul is inaudible.)

30. Carole: Because it's important to know this for your problem.
You have to have it.

31. Paul: So, I write this before this. (sftows a place on the sheet of
paper)

22.

23.

ai

25.
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The second day: Symbolic algebraic thinking

On the second day, the sfudents were asked to solve the same probiems that they

had encountered the previous day. This time, however, instead of using concrete

artefacts, they were required to use letters and numbers. The teacher solved

Problem 1.'We will ana\yze here the students' solution to Problem 2.

Here is the statement of the problem:

Mario's and Chantal's mother decides to give her children a gift.

She will give them envelopes containing hockey cards. In order

for the envelopes to be identical, she puts the same'number of
hockey cards in each envelope.

Mario already hadlz cards andhis mother gives him 1 envelope.

Chantal already had 3 cards and her mother gives her 4 envelopes.

Chantal has the same number of hockey cards as Mario.

How many cards are in each enveloPe?

They proceeded as follows:

1. Madeleine: Okay. The number 2? {she begins to write on the

PaPer)

2. Carole: Yes. . .. (she looks at the paper infront of her) 12 cards,

1 envelope.

3. Madeleine: Okay. So, ... (she begins writing again)

4" Carole: 12 ...12 plus 1 e.

5. Paul: 12 plus ... How many envelopes?

6. Madeleine: 12 cards then how many envelopes?

7. Carole: One.

8" Paul: 12 plus 1e.

9. Caro1e: Equals ... 3 plus 4e. (They arrive at the following
equation:12+1e=3+4e)

The students wrote the equation, following the statement of the problem. In doing

so, they capitalized on their previous mathematical experience. For instance, the

juxtaposition syntax of the EISL is transformed into something new: juxtaposition

gives rise to new signs. Thus, the addition sign "+", which was not part of the

EISL language, appears in the symbolic expression. Furthermore, f}re empty space

in front of the equational space of the compared iconic expressions (see Figwe 3)
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At this poirt of the problem-solving process, the symbolic equation has been

simplified. Now the students will operate on the unknown. They will proceed to

subtract unknown terms on both sides of the equation:

21" Carole: After this, take awaY "'
22. Madeleine: (interrupting) 1 envelope'

23. Carole: ... (continues) l. (Madeteine continues writing on the

PaPer. She writes :9 +1e-1" = 4e-t')

24. Paul: Equals 9.

25. Madeleine: ... 9.

26. Paul: Equals ... 3.

27. Madeleine: (at the same titne)

equntion: 9=3e)

28. Paul: So, it's like 3 cards in 1 enveiope' .

29. Madeleine: Oh, Yes. So there "'
30. Paul: You divide.

31. Carole: Yes, but is it correct?

32" Paul: So, You go 9 dividedbY 3'

33. Madeleine: But, is it correct like this, eb,! (They experience

dfficulty in symbolically expressing the action of dividing; they

write:9+3e= 1

34. Carole: Yes.

35. Paul: Yes, but, you have to divide there'

36. Carole: (shakes her head)No'

37. Paul: Are you sure? (Finally, they write: 3=Le)

Their written work was the following:

t8ttr.= 311tc

l tlt]? *e't'
I = ja
t + Io=Fg+)
6 =le

Figure lA.Tlte students' symboiic equation and its solution

3.(They aruive at the following
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the en4 appears as a didactic device reducing the gap between the statement of

the problem in natural language and a formal symboiic treaffnent of equations'

The didactic goal was rot to remove the gap (which is, I believe, an impossible

task). The goal was to provide the students with an intermediary senriotic system

from where to derive certain meanings to be used later in the semiotic system of

symbolic algebra.

EISLs rely on a perceptual semiosis in which algebraic meanings arise in direct

contact with signifying features of the human body and its cultural context' In

perceptual semiosis ttre individual's senses are oriented tq tle inspection of the

oU3""tt and meanings arise in the contact between senses and objects' As Merleau-

Ponty (1964,p. 67) saYs,

we must [...] recognize that what is designated by the terms "glance",
,,hand,,, .and in general ."body" is a system of systems devoted to the

inspection of a world capable of leaping over distances, piercing the

perceptual feature, and outlining hollows and reliefs, distances and

deviations -a meaning-in the inconceivabie flatness of being.

To inspect the worid, howevet, the senses of the human body are not enough.

Between body and object, culture interposes a wide range of artefacts that

anthropologists and cultural psychologists callprostheses, that is, anificial objects

that make the body (and, along with it, the mind) go beyond the skin -Bateson's

example of the blind man and his cane is probably the best known example of this

kind (Bates on, 1973; for a more detailed discussion within cultural psychology

see Cole 1996; for a discussion from the perspective of the leaming of algebra

see Radford 1999b). Envelopes and cards, fui our teaching sequence' were artefacts

that functioned as prostheses to touch the noumenal mathematical objects through

actions driven by perceptual meaning.

Perceptual meaning, whose texture is made from the threads of voices, glances,

and touches, later became transformed into a new meaning that relied more heavily

onwriting and out of which symbolic expressions and equations arose.

The passage from perceptual to abstract meaning was ensured by the interplay of

different semiotic systems. As the lines of the dialogue shown in Section 3'2

suggest, the meaning of what they were progressively writing in the semiotic

system of symbolic algebra, in fact, relied upon what they were saying, seeing,

and the previous experience ofthe EISL (see Figure 11)'
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Statements S, and Srhave a referential nature in that they tell us something about

the objects of the universe of discourse without making any judgment. To go beyond

mere reference, a language has to add new possibilities accounting for acts of

expressions that have a logic value (i.e. trueness), an epistemic value (certainty) or

a social value (see Duval, op . cit.p.ll2).Equality, I want to submit, is notrestricted

to a logic value. Depending on the specificities of tle context, equality may have a

logical, a social or an epistemic function and even more than one of these at the

same time"

Formal languages can also have an iconic componsnt. Actually, Peirce considered

that mathematical formulas were icons: "an algebraic formula is an'icon, rendered

such by the rules of commutation, association, and distribution of the symbols."

(Peirce, 1955, p. 105).

Of course, in symbolic terms, the problem would correspond to the equation

x+7=2x+2.

In symbolic terms, the problems can be translated as: 2x+2=2x+2 and}x+2=2x+3,

respectively. I am analyzing the students problem-solving methods and

conceptualizations in a manuscript in progress.

See, for instance, fhe last line in Figure 10. The symbolic expression "1e" still

resounds the echo of the utterance "one envelope" of line 28'

Lr order to make more tangible the contribution of our approach, it is worthwhile

to mention, at this point of our discussion, that manipulatives have been used for

many years in the teaching of algebra (for example, in terms of concrete or

representational two-plate-scale models, see, e.g., Fiiloy & Rojano, 1985. We do

not claim any originality in using them. What is new is the cultural-semiotic analysis

that we are doing of the students actions and the conceptual orientation of

manipulatives in our teachin! lessons resulting from our theoretical framework. If,

as any cultural artifact, two-plate-scales are neither good nor bad in themselves ,

ourresults, nevertheless, pointto arelatively lowpertinence of them forthe leanring

of algebra. Thus, the students dialogues show that scales are actually of little (if

any) use in their reasoning. What is important is tha equational space (something

similar to the physical counting-board of Chinese mathematics), which becomes

the arena of concrete actions. These remarks then converge to Pirie and Martin's

observations concerning the irrelevance of scale models Girie and Martin, 1997)"
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