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Luis G. Railfortl rzl
epistemological problems are those focused on the comprehension of the
genesis and development of knowledge. The ways in which these questions
may be tackled depend upon some basic assumptions about knowledge itself.
ln the case of mathematics, it may be correct to say that most of the current
research progr.rms follow a constructivist point of view. Even though it is
often taken for granted that constructivism provides aome room to consider
the social aspects of knowledge, these aspects remain, in most cases, a
complementary axis to the supposedly main axis -that in which the
individual ultimately engages itself in his or her most private intellectual
intimacy in order to construct his or lar knowledge. The resulting scenario
gives us a view of mathematical knowledge as being an essentially dominant
socioculturally-free human activity (Radfor4 7996a, 1996c). Consequently,
the rather few educational studies that scmtinize the history of mathematics
for epistemological purposes pay little -if any- attention to the sociocultural
factors4. However, a clcrser look at the sociocultural contexts in which
mathematics develop unveils interesting facts that can shed some light on the
comprehension of mathematical knowledge -facts which cannot be
underetood within the individual sphere only.

In this paper we want to deal briefly with the algebraic concept of equation.
The classical historical account consists in seeing how clumsy past efforts
developed throughout time until they reached our modern concept of
equation. One assumes the hypothesis that, for logical necessities, ancient
mafhematical concepts had to reify in order to attain the perfection of our
modern concepts. Studyrng the concept of equation, we shall attempt to
show, through three historical episodes, that reification processes are
intimately linked to socioculfural reasons.

2. The Ancient Near-East

It is interesting to note that, while equations play a central role in our modern
mathematics curricula, equations (considered as genuine mathematical
objects) appeared very late in history. In fact, algebra emerged as an
intellecfual activity centered around solving puzzles -more specifically, non-
practical problems. In the case of Mesopotami+ this activity was carried out

2 Th" p"i*ury of the mind over its milieu has been recently challenqed bv several
scholars (e.i. Harrd and Gillet, 1994; Wertsch, '1997)."Lerman"(19961, in arr
enlightening work, argues that the insertion of sociocultural factors to the radical
constructivisrn cannotbe done without introducing contradictions in the account of
the development of knowledge.
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The "explanation" that a written mathematical text may convey was hence
restricted to the core of the problem-solving procedure -a choice very
coherent with the general autocratic scheme mentioned above. The search for
scientific texts containing a more complete "explanation" was a later
sociccultural phenomenon that ran parallel with the social opening of
literacy: in contrast to the post-rlthagoreans who were influenced, without a
doubt, by the intellectual activity surrounding the work of the emerging
sophists in the fifth century and were engaged in the production of writting
works, Mesopotamian mathematical scribal texts did not reach an
autonomous life as did Greek'books".

In this context, it seems possible to understand lhal eEtdions did not appear
in Mesopotamia as im explicit symbolic written equality between qoantities.
The unknowns were referred to by their own n.unes: for instance, the length,
the widttr, the area and so on of a rectangle or the weight of a stone. Let us
consider here problem 1 of a tablet conserved at the British Museum,
identified as BM 13901. The statement of the problem, which seeks to find the
length of the side of a square, is the following:

The surface and the square-line I have accumulated:3/4.

The solution, as it appears in the tablet, is the following:

L the projection you put down. The hatf of 1 you break, 1 I 2 and
llZyou make span [a rectangle, here a square], U4loSl4you
append: 1, makes 1 equilateral. U2 which you made span you
tear out inside 1:7l?the square-line. (Hoyrup, 1986, p.  50)

According to Hoyrup. the solution is underlying by a geometrical
configuration upon which the oral explanation was based.

The scribe thinks of an actual square (fig. 1) which together with its side
r-nakes ap 314. The side is seen as provided with a canonical projection that
forms, along with the side, a rectangle (fig. 1) the quantity ll4 rc{ers then to
the tolal area of fig. 1. Then the scribe cuts the width 1 into two parts and
transfers the right side to the bottom of the original squ.ue.

Now the scribe completes a big square by adding a small square whose side is
Ll2.The total area is the 74 (that is. the area of the first figure) plus 1/4 (that
is, the area of the added small square). It gives 1. The side of the big square
c.rn now be calculated: that gives 1; now the scribe subkacts ll2 from 1, he
gets 112: this is the side of the original square.
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Let us discuss the case of Diophantrs' Aithruetlca -a monumental work very
likely intended to be used in some schools of Alexandria at the end of
Antiquity. As we mentioned earlier, the explicit rise of equations seems to
have beeng related to the development of writing and to the sociocultural
modes of expressing and transmitting mathematical contents. Although in the
Aithmdba, equations still constitute a heuristic tool without being considered
as mathematical objects p* se,lhelr explicitness is couched in the peculiar role
played by explanations in the Greek scientific style of thinking.

Inheriting from Egyptian and Babylonian traditions of mathematics,
Diophantus, as well as some of his Greek predecessors and contemporaries,
was interested in riddles about numbers. Thus, in his introduction to the
Arithmetica he says:

T(nowing my most esteemed friend Dionysius, that you are
anxious to learn how to investigate problems in numbers, I have
tried, beginning from the foundations on which the science is
built up, to set forth to you the nature and power subsisting in
numbers." (Heatlu 79L0, p. 129)

In all likelihood, Diophantus' main contribution was to create a theoretical
foundation for the ancient riddles about numbers in order to convert them
into a scientific domain. To do so, he classified numbers into categories
according tothe eiilos of numbers, that is, according tot}rre fomr that they may
share: one such category was that of squares, another was that of cubes,
another was that of squaresquares, etc., that is, the numbers that our modern

symbolism may awkwardly hanslat e by xz , x3 , x4 , and so on (actually

Diophantus considered categories up to 16)

Most of the problems of the Aithmetica seek to find numbers veriffing a
certain courbination between the aforementioned categories of numbers. One
such example (problem & Book 2) is the followrng problem whose roots date
back to the Pythagoreans:

To divide a given squ.ue number into two squares."

Note that this problem is translated very poorly by the modern expression

X2 *Y2 = a2, lor Diophantus did not use two unknowns. ln fact, while the
problem seeks two sought-after quantities, the problem-solving procedure
uses just one unknown -Diophantus calls this unknown the mithmos, i.e the
number, which refers to the number that the problem-solving procedure will
uncover and from which the sought-after quantities will be inferred (for our
distinction between sought-after quantities an{ unknowns, see Radford,
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intellectual dass from the post-Ionian period confined itself to the elaboration
of abstract scientific and philosophical systems (see Restivo, 19)2,pp.LFln-

The previous remarks show, I believe, that the emergence of equations as

heuristico-algebraic obiects was underlaid by the social meaning of writing as

well as a reification process through which quantities were thought of as

abstract numbers. Nevertheless, this rei{ication Process did not occur
independently of the social meaning of the mathematical speculations.
Indeed, the reification occurred intimately linked to the categorical distinction
between the sensible world and the world of ideas advocated by Parmenides
and followed by Plato (see Radford, 7996a) -a movement that led to a
reconstruction of the Greek counting-stones mathematicians' resrrlts that were
later reformulated into a "scientific {ormat" as we find them in the arithmetic
books of Euclid's Elernents (see Lefbwe, 198L).

4. From the Middle Ages to the Renaissance

The spread of commercial activity in the late Western Middle-Ages led
merchants and bankers to face new mathematical necessities -e.g. how to
quickly and accurately calculate the exchange of different crurency as well as

the'equivalence between domestic and foreign commercial products
measured in different metrological qystems.

To fullil these necessities, it was necessaty to train people in the mathematical
calculations needed in business. This led to the rise of new educational
institutions calld, botlugre il'fuaco that followed the same functioning format
as tlre bothegre d'arte (i.e. workshops of art in which painters and sculptors
were kained to satidy the demands of the princes, the church and the dass of
richmerchants).

Algebra was taught in those new commercial schools as an advanced topic
probably reserved for an 6lite group of students -among them, those who
wanted to become maestri d'abaco, that is, teachers of mathematics (Franci
1988). Thus, once agairl algebra served a social purpose. The specific shape
that algebra took at that time as in the case of the arts, was intimately reLated
to its social role -that of allowing its practitioners to shine in their milieu in
order to capture students as well as public contracts and royal patronages.
Unlike the case of Diophantus, whose algebra was focused on solving
problems that reflect the supposedly deepest nature of numbers, the algebra
developed in the late Western Middle-Ages was centered on solving
numerical and geometrical riddles whose mastering reflected an intellectual
virtuosity welcomed within the dominant social and economical classes. [n
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From: Francesco Ghaligai's Pratba d'Aithmetba,1548. p. S.
"Fa di 10 dua parte, che lor quadrati giunti insieme taisno 62 ! I 2,,
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Luca Pacioli, in his summa de Arithmetica, Geonetica, prcportioni et
Proportionalita (1494) used a syncopated language to solve word-problems
witout being interested in equations. This was also the case of liis master
Piero della Francesca -one of the mathematicians who proposed a symbolic

-system 
to solv-e problems by algebra. For thenl equations were still powerful

heuristic tools with which to solve word-problems. In }.is practica
il'Aritlnnetica (1548), Francesco Ghaligai went a step further by delimiting two
semiotic spaces in the problem-solving procedure: (i) a rhetorical-space
containing the statement or the problem and the syncopated problem-solving
p_rocedure Td tiil asymbolb space inwhich the calculations are shown (fig. a).
However, the content of his problems was not symbolic expressions but
riddles about numbers (e.g. To divide a number intothree parts such that ...).
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